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Abstract: We study conformal vector fields on pseudo-Riemannian manifolds, in particular on Einstein spaces 
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1. Introduction 
Conformal mappings and conformal vector fields were intensively studied during the last 
150 years, in particular in Riemannian and pseudo-Riemannian geometry of dimension n 2 3. 
A classical theorem of Liouville in 1850 determines the conformal mappings between open 
parts of euclidean space. Conformally flat metrics have been characterized by means of the 
Weyl tensor and the Schouten tensor in the 1920’s. In General Relativity conformal mappings 
are of importance [17], including the particular case of plane gravitational waves. This is an 
exceptional case also from the mathematical point of view because a certain conformal factor 
has a gradient in the light cone everywhere. The work of Lie, Schouten, Yano and others has 
illuminated the significance of conformal vector fields or infinitesimal conformal transformations 
in differential geometry. Essential conformal vector fields on Riemannian spaces were studied 
by Obata, Lelong-Ferrand and Alekseevskii [ 1,321. Conformal gradient fields are essentially 
solutions of the differential equation V2q = (Aq/n) . g. This equation was studied since the 
1920’s by Brinkmann, Fialkow, Yano, Obata, Kerbrat and others. In the Riemannian case the 
results are quite complete. In the pseudo-Riemannian case we started a systematic approach in 
our previous paper [28] including a conformal classification theorem. 
In this paper we discuss mainly the case of constant scalar curvature. At first the case of confor- 
ma1 vector fields on Einstein spaces is revisited, a classification theorem is given in Theorems 3.1 
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and 3.2. These theorems allow to see a direct correspondence between the cases of a definite and 
indefinite metric. Although most of the material is well known, it seems that the global results 
in the case of an indefinite metric do not occur in the literature in an explicit form. For spaces 
of constant scalar curvature the situation is similar, as far as closed conformal vector fields are 
concerned, i.e., such which are locally gradient fields. After first results by Tachibana in 1951 the 
Riemannian case has been treated in papers by 0. Kobayashi and J. Lafontaine around I982 which 
investigate stationary metrics of the scalar curvature functional and metrics of harmonic curvature. 
We present a unified classification for positive definite and indefinite metrics in Theorem 4.3. 
2. Conformal vector fields 
From the view-point of infinitesimal transformations [43], a vector field V is said to preserve 
a certain geometric quantity if the Lie derivative LV of this quantity vanishes. On a pseudo- 
Riemannian manifold (M, g) a vector field V is called isomerric if it preserves the metric, meaning 
that the following equation holds: 
LI/g = 0. 
Recall that by definition (,Cvg)(X, Y) = g(Vx V, Y) + g(X, Vy V) for arbitrary tangent vectors 
X, Y where V denotes the Levi-Civita connection. V is called corzfbrmal if it preserves the 
conformal class of the metric: 
L”g=2.y.g 
for some function q. Necessarily this function is y = (l/n) div V in this case. V is called 
homothetic if cp is constant. In the particular case of a gradient field V = grad .f‘ we have L vg = 
2V*f, hence grad j’ is conformal if and only if V* f = q.g where n.qo = Af = div(grad .f’) is the 
Laplacian. As a short notation we will use the symbol forthe traceless part of a (0. 2)-tensor, e.g., 
(02f)" = v=j- nf’ . g. 
n 
In this notation grad f is conformal if and only if (V*f)’ = 0. This equation (V’f’)’ = 0 has 
been extensively studied in many papers [ 14,44,42,4,20, 13,261. It arises in various contexts, 
in particular in connection with the behavior of the Ricci tensor Ric, in a conformal class of 
metrics. A vector field Vpreserves the Ricci tensor if L v Ric = 0, it preserves the Einstein tensor 
if kv(Ric’) = 0. Here Ric’ = Ric -(n - l)Sg denotes the truceless Ricci tensor (= Einstein 
tensor), S denotes the scalar curvature normalized in such a way that S = 1 for the unit sphere. 
Lemma 2.1. For a conformal vectorjeld V, Lc,g = 2~. g, the following conditions (a), (b) are 
equivalent: 
(a) L1, Ric = 0 (Vpreserves the Ricci tensor), 
(b) V*q = 0. 
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Moreover, the following conditions (i)-(v) are equivalent: 
(i) C v Ric = h . g for a function h (Vpreserves the conformal class of the Ricci tensor), 
(ii) L”(Ric)” = 0 (Vpreserves the Einstein tensor), 
(iii) grad(div V) is a conformal vector$eld, 
(iv) (V2~)o = 0, 
(v) V is concircular in the sense of [ 18,421. 
Recall that a vector field V is called concircular if the local flow generated by V consists of 
concircular mappings, i.e., conformal mappings preserving geodesic circles. A transformation of 
the metric g H jj = (l/$*)g is concircular if and only if (V*$)” = 0, see [44,42], equivalently 
if Rici = Rici, see [27]. 
Proof of 2.1. The following formulae are well known ([43, p. 1601): 
Lv Ric = -(n - 2)V*q - A~_J . g, LvS = -EA(p - 2s. 40. 
n 
This implies (a) e (b), observe that the trace of L” Ric is -2(n - l)Ap. Another consequence 
is the equation (Lc, Ric)” = L”(Ric)“. This implies (i) ($ (ii). (i) + (iv) follows from 
(LvRic)” = -(n - 2)(V*~)‘. (iii) +$ (’ ) . IV IS o VIOUS, compare the discussion above. For b 
(iv) + (v) see [18]. q 
Another direct consequence of the formulae for /I, v Ric and ,C v S is the equation !I. v L = V*q 
where 
L:=A(iSg-Ric) 
denotes the Schouten tensor. 
Corollary 2.2. Let V be a conformal vectorheld on (M, g), Cvg = 2~9 . g. 
(i) Ifg has constant scalar curvature S then AC,O = -S . n . cp, 
(ii) if g is an Einstein metric then V*q = -S . q . g. 
Proof. (i) is a trivial consequence of the formula for ,C” S above. For (ii) we observe that 2.l(ii) 
holds trivially. The assertion follows from (ii) e (iv) in 2.1 together with (i). 0 
The local structure of all solutions of (V2p)o = 0 for any function 40 is well understood at least 
in the case where grad 40 is not a null vector on an open set. We recall the following lemma: 
Lemma 2.3. Let (M, g) be a pseudo-Riemannian manifold admitting a non-constant solution cp 
of the equation (V*q)’ = 0. Then the following holds: 
(i) In a neighborhood of any point with 11 grad lp 11’ # 0, g is a warped product g = n dt2 + 
(p’*(t).g, (n = fl isthesignof I]gradcp]l*),cp is a function depending only on t , the trajectories 
of grad CP/ ]I grad rp /] are geodesics, and p satisfies 40” = 71 . Acp/ n along these trajectories. 
(ii) The zeros of grad CJI are isolated. In a neighborhood of such a zero the metric is a warped 
product in polar coordinates g = n dt* + 40; (t)/qG*(O) . g, where g, denotes the induced metric 
on the ‘unit sphere’ {x ( (Ix II* = q} in the pseudo-euclidean space of the same signature as g. In 
particular, near a critical point of q the metric g is conformally flat. 
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A proof of 2.3 was given in our previous paper [28]. (i) is originally due to Fialkow [ 141. in 
the Riemannian case (ii) was observed by Tashiro 1421. 
3. Einstein spaces 
Given a non-homothetic conformal vector field V on an Einstein space (M, s), then its diver- 
,gence ncp = div V is a non-constant solution of the equation 
by Lemma 2.2 In some sense this reduces the problem to studying the conformal gradient field 
g,rad cp instead of V. However, in the case of an indefinite metric we have to distinguish between 
Case 1: 1) gradcpI(’ # 0 somewhere (‘proper case’), 
Case 2: II grad cp II2 = 0 everywhere (‘improper case’) 
The notion ‘proper’ or ‘improper’ goes back to Brinkmann [6], compare [ 161. In fact. if cp # 0, 
then the metric j := l/q2 . g is also an Einstein metric, and one can look at the same problem 
in terms of conformal mappings between two Einstein spaces, see [6,29.26]. According to this 
case distinction, the results for positive definite and for indefinite metrics are quite different, 
see 3.1 and 3.2. In the indefinite case we use the same notations for the standard spaces as in 
([37, p. 2281): The pseudo-euclidean space I&!, the pseudo-sphere Sz, and the pseudo-hyperbolic 
space Hf. By definition Si_, and H,” are anti-isometric to one another. H;’ is not simply connected, 
its universal covering is denoted by I?;‘, similarly for $, 
Theorem 3.1. Let (M, g) be a complete Einstein space, g positive dqfinite, V a noll-homoth~~tic, 
conformal vector$eld on M. Then the,following holds: 
(i) ([ 191) V has N < 2 zeros, and (M. g) is isometric (up to scaling) to one of the,following 
spaces : 
- S”. E”, or H”, 
_ the warped product Iw x exp M,. (M,, 8,) complete and Ricci,flat. 
_ the warped product II% xcosh M, , (M,, g*) complete and Einstein, S, = - I, 
(ii) ([46], 143, p. 2771) Ifin addition V is complete then (M. g) is isometric to the .sphere S”. 
Even if R is not complete, there can be a complete conformal vector field, examples are 
S”\{p). Sn\{p, 91 and E’*\lpI. A more interesting case is the vector field sin(t) . 2, on the 
warped product (0,~) x,in M, where (M,, g,) is Einstein with S, = 1. This includes the case of 
quotients (0. n) x sin (Y-l/ -) as well as non-standard Einstein metrics R* on the (12 - 1 )-sphere 
M, [48]. In this case the two-point compactification of (0, n) X,in M, is still homeomorphic to 
S” but it has cone-like metrical singularities at the two extra points. 
Theorem 3.2. Let (M, g) be a complete Einstein space carrying a non-homothctic confijrrnul 
vectorfield V, assume that g is indefinite of signature (k, n - k). Then the,follocving holds: 
(i) Up to scaling of g, one of the following cases occurs: 
- (M. g) is isometric to S:, IF?.;, Ht or to a covering of Si:_, or H;‘. 
- (M, g) is isometric to the warpedproduct (I&!.) x coshM, bvhere (M,. g*) is complete Einstein, 
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- (M, g) is RicciJlat, grad(div V) is a parallel and isometric null vector$eld. 
(ii) If in addition V is complete then (M, g) is the last of the cases listed in (i). 
A further global classification of this last case (the ‘improper’ case) does not seem to be known, 
see [lo] for a discussion. Essentially part (i) has been observed by Kerbrat [21] and Kerckhove [22]. 
Part (ii) is contained in [22] but the proof is complicated. The argument in ([22, pp. 28ffl) is based 
on the Riccati equation q’ + kv2 = C instead of the simpler equation ((P’)~ + kq* = C. 
The proof of 3.1 and 3.2 is based on the following specialization of Lemma 2.3 which is 
originally due to Brinkmann [6] (except for part (ii)). 
Lemma 3.3. Let (M, g) be an Einstein space admitting a conformal vectorjeld V such that 
q = div V is non-constant, Then the following holds: 
(i) In a neighborhood of any point with [/ grad 40 ]I2 # 0 the metric g is a warped product g = 
n .dt2 + ~‘~(t)g* where g, is an Einstein metric and where q = q(t) satisfies qY2 + n,Sq~‘~ = nS,. 
(ii) In a neighborhood of a critical point of q the metric g is of constant sectional curvature. 
(iii) If grad cp is a null vector on an open set then on this set g is Riccijat and grad q is parallel 
and isometric. 
(iv) If n = 4 then g is either of constant sectional curvature or grad cp is a null vector (case (iii)). 
Examples in (iv) which are not of constant curvature have been given in [6,16]: Define a metric 
ds2=2dxdy+2d~d~+2f(x,cp)dxd~+2h(y,cp)dyd~onIW4=((x.y,~,~)~.Heref 
and h denote arbitrary functions. In this metric grad (p is the gradient of the coordinate function p 
pointing into the direction of the g-axis. These metrics are called plane gravitational waves (in 
General Relativity). In [lo] their causal structure of them is discussed. Examples in (i) which are 
not of constant curvature can be easily obtained for any dimension n > 5: one can start with an 
arbitrary (n - I)-dimensional Einstein metric g, which is not of constant curvature, compare [2]. 
For Einstein warped products see also ([3, Ch. SJ]). 
Proof of 3.1. By scaling of the metric we can assume that the scalar curvature S is either 0 or 
f 1. Lemma 3.3 says that along any trajectory of grad cp, parametrized as a geodesic, the function 
p = ~(1) satisfies 
1 
-4 ifS= 1, 
q”’ = 0 ifS=O, 
4 if S = -1. 
This implies that 
acost fbsint ifS= 1, 
p’(t) = at + b, a#0 ifS=O, 
acosht + bsinht ifS=-1 
and that (M,, g,) is an Einstein space where S, is uniquely determined by S and q (if n = 3, 
g, must be of constant curvature). By assumption of completeness (M, g) contains the warped 
product IR xV~ M, where (M*, S,) is complete. 
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If cp has a critical point then g is of constant curvature by 3.3(ii). This includes S” and H” 
given in polar coordinates gl = dt’ -k sin2(t)gr, g-1 = dt2 + sinh2(t)gr. From the particular 
form of the solution CQ = (1 /a) div V it follows that V is not invariant under any fixed point free 
isometry, hence (M, g) is isometric with S” or H”, respectively. 
It remains to discuss the solutions rp without a critical point. If S < 0 then q’(t) = a cash t + 
h sinh t, h’ - a2 < 0. In this case (M, g) contains the complete warped product Iw xP! M, where 
(M,, g*) is a complete Einstein space of appropriate scalar curvature. By scaling of g, we can 
assume that either q(t) = exp(t) or p(t) = sinh(t). Again, in the direction of the t-axis no 
quotient is possible. Hence (M, g) is isometric with %! xv, M,. If S = 0 then cp’ = h # 0 is 
constant and therefore grad cp is a parallel vector field on the product Ji% x M, where (M,, g,) is 
Ricci flat. By the following Lemma 3.4 [gradcp, V] is a homothetic local gradient field which 
is not isometric: Vx[grad yo, V] = 1) gradcpll” X = a2 . X for any X. This implies that (M, g) 
is isometric with the euclidean space E‘“. This completes the proof of(i). 
(ii) is obtained by looking at the completeness or non-completeness of the vector fields above. 
Note that in the case S # 0 the completeness of V and the completeness of grad cp are equivalent. 
Furthermore it is well known that the only complete conformal vector fields on E” are homothetic. 
Therefore S” remains as the only possible space. This proves (ii). 0 
L,emma 3.4. (1221) Let V be a umformal vector ,jeld on a pseudo-Riemannian mumfold such 
that grad p = ( 1 ,/n) grad(div V) is parallel. Then [grad q, V] is a homothetic local gradient,field 
satisfiling 
Vx[grad(p, V] = 11 gradp/12 X for any X. 
Proof of 3.4. The first observation is that the skew-symmetric part A of V V is parallel in the direc- 
tion of the q-trajectories: Veradv A = 0. VV = cp. Id+ A. Secondly, one has R(X. gradq)V = 0 
because grad cp is parallel. 
This implies Vx[grad(o, VI = VxVgradvV = R(X, grad(p)V + Vgrdd+V.~ V + ~~~~~~~~~~~ V = 
II gradcpll* . X + (V,,,~,A)(X) for any 1. •I 
Proof of 3.2. This follows the pattern of the proof of 3.1. With the same normalization of the 
scalar curvature the function cp satisfies 
1 
acost fbsint if Srj = 1, 
lo’(t) = at + 6, a#0 if S = 0. 
acosht + bsinht if ST1 = -1 
along any trajectory of grad 40 as long as 1) grad cp /I2 # 0. If cp has a critical point then by 3.3(ii) g 
is of constant curvature, and in geodesic polar coordinates we have g = q dt” + yf(t)g,, where 
either cpr (t) = cost, 9-1 (t) = cash t or ~1 (t) = cash t, q-1 = cost. This determines the metric 
of ST or H[ (up to an isometric covering in case S::_, . Hr), see ([21, Thm. 61. [2X, 6.71). 
If S # 0 and cp has no critical point then, as in the Riemannian case, along any trajectory of 
grad cp we have either q(t) = exp(t) or q(t) = sinh(t). In the indefinite case the warped product 
IIP x exp M, is not null complete, see the argument given in ([37, p. 2091, [28,6.8]). In fact, certain 
null geodesics are inextendible. Therefore this case cannot occur, and the only possibilities are 
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g = dt2 + cosh2 tg* and g = -dt* + cosh2 tg, where (M,, g,) is a complete Einstein space 
whose scalar curvature S, is uniquely determined by S. 
If S = 0 and ‘p has no critical point then 9’ is constant and, as in the Riemannian case, M 
splits as a product IIB x h4, with the metric fdt* + g,; grad cp is an isometric vector field in this 
case. Again, using Lemma 3.4, we obtain another homothetic local gradient field [gradq, V]. 
This implies that (M, g) is in fact isometric with a pseudo-euclidean space [21]. 
Finally it remains to discuss the case where grad p is a non-vanishing null vector on an open set. 
One easily obtains the equation Vx grad q = 0 for any X, hence grad cp is parallel, 0 = V*q = 
- Sqg implies S = 0, and LCpradPg = 2V2q = 0 implies that grad 9 is an isometric vector field. 
All this holds on an open set which is also closed because these conditions are given by equations. 
Hence it holds on the whole space M. This proves (i). 
For the proof of (ii) we observe that in the case S # 0 the completeness of V and the 
completeness of grad (p are equivalent. None of these gradient fields on S:, Hk)2, flR Xc&, M, 
is complete due to the exponential growth at infinity. This leaves only the case S = 0. However, 
Ez does not carry a non-homothetic and complete conformal vector field. This leaves only the 
last case where grad p is a parallel and isometric null vector field. 17 
4. Spaces of constant scalar curvature 
As a generalization of the results of Sect. 3, it has been tried to carry over the methods and to 
obtain similar results for a larger class of spaces, such as the spaces of constant scalar curvature. 
By Corollary 2.2 in this case the divergence of a conformal vector field is an eigenfunction of the 
Laplacian for the eigenvalue -Sn. The following theorem is due to Obata [36]: 
Theorem 4.1. Let (M, g) be a compact Riemannian manifold of constant scalar curvature car- 
rying a non-homothetic essential conformal vectogfield. Then (M, g) is isometric to the standard 
sphere. 
A conformal vector field is called essential if it does not become isometric for any conformally 
equivalent metric. Examples are the vector fields vi and v2 on S” (see Sect. 3). A conformal 
gradient field gradqo on a compact Riemannian manifold is always essential because it has two 
zeros at the minimum and the maximum of cp with non-vanishing divergence. This leads to the 
Corollary 4.2. Let (M, g) be a compact Riemannian marCfold of constant scalar curvature 
admitting a non-constant solution of (V’cp)” = 0. Then (M, g) is isometric to the standard sphere. 
For a proof which is independent of 4.1 see [34]. It also follows as a special case from 4.3(i) 
below. 
Tachibana [39] studied concircular transformations S H S = (1 /p’)g between two manifolds 
of constant scalar curvatures. This leads to essentially the same differential equation as in 2.2(ii): 
V2p = (-Sqo + const) . g, 
where S is the constant scalar curvature. As a consequence, if g and ,j = (l/$)8 both are of 
constant scalar curvature and if grad up is conformal then grad cp is a concircular vector field, i.e., 
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grad q preserves the Einstein tensor by 2.1 . One can say that, from this point of view, the case of 
constant scalar curvature is not very different from the Einstein case, as far as conformal vector 
fields are concerned. Trying to generalize 3.1, it even had been conjectured that Theorem 4.1 
remains true without the assumption that the vector field is essential, see [ 111 and Remark (6) 
below. The results of [38] and [41] suggested to look for counterexamples in the class of conformal 
vector fields which are locally gradient fields and whose homology class represents the first factor 
in a (possibly twisted) product S’ xM,. For such a counterexample see [ 1 I]. This is a special case 
of the following Theorem 4.3(ii). 
Theorem 4.3. Let (M, g) be an n-dimensional complete pseudo-Riemannian manifold of dimen- 
sion n 3 3 and of constant scalar curvature S carrying a non-isometric conformal vectorheld V 
which is locally a gradientfield. Then the following holds: 
(i) [f V has a zero then (M, g) is isometric (up to scaling) to S[, II%:, H[ or a covering of S:,‘_, 
or H;‘. 
(ii) [f V has no zero and [f n = 4 then (M. g) is isometric or anti-isometric (up to scaling) to 
one of the following spaces: 
a warpedproduct (Iw x M,, dt’ + f(t)g,) where 
f(t) = S,t* + b, S,, b > 0 if’ S = 0, 
f(t) = S,/2 + sin(2t), S, > 2 <f S > 0, 
f(t) = --X+/2 + exp@t), s* < 0 
ifs < 0 
,f(t) = -S,/2 + cosh(2t). s, < 2 
a twisted warped product (S’ xM,, dt2 + f(t)g,) with f(t) = S,/2 + sin2t. S, > 2. 
In any case (M,, S,) denotes a complete (n - 1 )-dimensional marCfold of constant scalar 
curvature S,. 
# 4 then all the claims in (ii) are still true (except that the,formulae,for f‘ are diferent). 
However, these formulae are still L>alid, as,far as periodicity or asymptotic behavioqfor t -+ &CC 
is concerned. 
(iii) Lf V has a z.ero and ifin addition V is a complete then (M, g) is isometric to the Riemannian 
standard sphere S” or to iI%:. 
(iv) If V has no zero and if in addition V is complete, then (M. g) is isometric or antiisometric 
with one of the ca.ses in (ii) with S 3 0. 
Remarks 4.4. (1) In the cases of (ii) the vector field is V = fi . a,. It is globally a gradient 
jield except for proper quotients of Iw x ,Z M, like S’ x f M,. The case of a null vector field on an 
open subset cannot occur in 4.3 because such a field is necessarily isometric. 
(2) The only instances of Einstein metrics for n = 4 are the spaces of constant sectional 
curvature in (i) (compare 3.3(iv)). For n 3 5 we have in addition the warped products with 
f(t) = exp(2t) and f(t) = cash”(t), compare 3.1, 3.2. 
(3) The function f(t) = exp(t) for S = - 1, S, = 0 occurs only if the metric is dejinite. 
Otherwise such a warped product cannot be complete, in fact certain null geodesics would be 
inextendible, see ([37, p. 2091). 
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Graph of the periodic solution 
y(t) = J&/2 + sin(2t) 
and a profile curve 
Figure 1. 
(4) The periodic solutions in (ii) can be visualized by hypersurfaces of revolution in E”+‘, 
see Figure 1. These are generalized DeZaunay surfaces [9]. Recall that the scalar curvature of a 
hypersurface in E”+l is nothing but the second elementary symmetric function of the principal 
curvatures. 
(5) For IZ = 4 and positive definite metric the formulae in (ii) show the following: the case 
f(t) = SJ2 + sin 2t approaches in the limit S, -+ 2 a family of spheres S4 touching one another 
along a straight line (like for Delaunay surfaces); the case f(t) = -S,/2 + cosh(2t) approaches 
in the limit S, + 2 the hyperbolic space H4; the case f(t) = S,t2 + b approaches E4 for b -+ 0 
and a product Iw x A4, for S, -+ 0. Mutatis mutandis, Remark 5 is also true for arbitrary n. 
(6) The compact quotients in the periodic case in (ii) provide counterexamples to a ‘well- 
known’ conjecture mentioned in [45], compare [47]. The conjecture said that the only compact 
Riemannian case in 4.3 should be the standard sphere. The existence of such counterexamples 
has been established by Ejiri [ 111. The simplest counterexample seems to be the warped product 
g = dt2 + (2 + sin t) . gl on S’ x S3 where gi is the standard metric on the unit sphere S3 (cf. 
[7, p. 2271). The 4-dimensional catenoid IR x S3, g = dt2 + (1 + t2)g1, is a well known example 
with vanishing scalar curvature. It is constructed by rotating a planar catenary in 5-space, see [33]. 
For examples with indefinite metric one can just replace S3 by Sf, S; or S:. Similar examples 
exist in all dimensions IZ 2 3 but the formulae are more complicated. For compact examples with 
indefinite metric one can take warped products S’ xf M, with any compact (n - 1)-manifold 
carrying an indefinite metric g, of appropriate constant scalar curvature S,. 
(7) For rotational hypersurfaces of S” , En, Hn with constant scalar curvature see [ 12,331. 
Proof of 4.3. First of all, if V = gradq with ]] gradrp]12 = 0 on an open subset, then V*p = 0. 
Therefore V is a parallel and isometric vector field. This case is excluded in 4.3. Consequently, 
we may assume that ]] gradCoIl # 0 on a dense subset of M. Without loss of generality we 
may assume that S is either 0 or f 1 and that there is a point with II grad q ]I2 > 0, 40 being 
defined in a neighborhood. By 2.3 the metric is a warped product g = dt2 + qf2(t)g*, and 
V = grad q = (p’(t) a,. Note that this warped product decomposition is independent of the choice 
of a local function (p, and that q’ is defined for the whole trajectory of V. The scalar curvatures 
S, S, are related by the well-known formula [28,22] 
n . syY2 + (n - 2)40”2 + 2&l” = (n - 2)&y*. 
Since S is constant it follows that S, must be constant. Regarding this equation as an ODE for 
?’ := cp’. we find that it is equivalent to the equation (J +Q) + (SJ” - S,J,” ‘)( = 0. or, 
equivalently, 
! .‘1P2(y’2 + Sv’ - S,) = C- = constant 
(i) Assume that V has a zero. Then 2.3(ii) implies that in polar coordinates around the zero the 
metric has the form g = q dt’ + cp:,(t)g,] where g,, is the standard metric on the ‘unit sphere’ and 
where we assume pi(O) = fl. Along any geodesic in a spacelike direction the equation above 
for g holds. By the initial condition ~(0) = 0 we have c = 0 and therefore 
>.‘Z + &.? , -s*=o. 
Similarly, we have y” - S>,’ + S, = 0 along timelike geodesics. This implies that around the 
critical point the metric g is of constant curvature ([ 28.2.61). By the completeness of g this holds 
everywhere on M because along any trajectory of V the constant curvature is forced by the warped 
product structure. The function 4’ = p’(t) is explicitly determined by y” i S!’ ‘f S, = 0. If 
5’ > 0 it is a sin-function in spacelike and a sinh-function in timelike directions. It follows that V 
has at least two zeros on M. If it has exactly two zeros then (M, g) is isometric with S;l or Ht for 
a certain k = 0, . . . , ~1, otherwise it is a covering of one of these spaces. This argument has been 
used by Kerbrat [21]. If S < 0 and if g is positive definite then (M, g) is isometric with H’* in 
polar coordinates g = dt’ + sinh’(t)gJ. If S = 0 then J = q’(t) is linear, hence V has only one 
zero. It follows that (M, g) is isometric with PL;’ for a certain k = 0. . . , II (compare 1211). In 
particular in each case V = grad v for a globally defined function cp satisfying V’ql = -S cp g 
ifS#OandV’~=&~gifS=O. 
(ii) Now we assume that V has no zero on M. Then (up to scaling) (M. g) contains a subset 
IR x M,endowed with the warped product metric dt’ + y’(t)g* as in (i) where y = y(t) satisfies 
the same differential equation as in (i). For rz = 4 this equation takes the particularly simple form 
4s$ + 2.P + 2y$’ - 2S, = 0 (I 30,401 and 17, Eq. 1.51) or, equivalently, 
(P)” + 4S$ - 2s* = 0. 
LJp to shift of the parameter and up to scaling of g,, the strictly positive solutions are the following: 
(?.(t))2 = S*t2 + b. s, > 0. b > 0 ifS=O, 
(y(t))’ = S,/2 + sin(2t), S, > 2 ifS= 1. 
(.v(t))2 = -Se/2 + exp(2t), S, < 0 
ifS = -1. 
(y(t))’ = -S,/2 + cosh(2t), S, < 2 
These are exactly the solutions from (ii) for f(t) = (y(t))‘. This warped product IR x \‘ M, is 
complete (except forthe case mentioned in Remark 4.4 (3)). hence (M, g) coincides with i x Y M,. 
The periodic solutions for f admit isometric quotients by the choice of an isometry between 
{IO} x M, and { 2m . n } x M, for an integer m. This proves the case n = 4. For the reader’s pleasure 
we mention in addition the following quite peculiar solution: (y(t))2 = 1 - t’. S = 0, S, = - 1. 
III this case the graph of 4’ in the (t, p)-plane is the unit circle, but the corresponding metric 
g = dr’ + (1 - t’)g* has singularities at t = i 1. 
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If IZ # 4 then we have to find the positive solutions y of the differential equation 
y”-2(y’2 + Sy2 - S*) = c 
for a constant c. The case c = 0 leads to the equation y/2 + Sy* - S, = 0 and to the warped 
products R x,xP M, and @Z &,,sh ikf,. 
Now let us assume c # 0. By standard arguments it is possible to give an analytic expression 
for the inverse function t = t(y) as follows: 
c - Sy” + S*y”-* X n-2 
- = 
Y 
n-2 t(y) = f 
c - Sx” + S*Xn-2 
dx 
for a suitable initial condition ya. By assumption y(t) should not vanish. Every first order zero of 
the discriminant D(x) = c - Sx” + S,X~-~ corresponds to a singularity of t(y) and to a critical 
point of y(t). The various cases of possible solutions can be discussed by the behavior of this 
discriminant D(x) depending on c, S, S,. We can use only those branches of solutions which are 
positive everywhere. D(x) > 0 is an obvious necessary condition. The integral above for t(y) 
can be evaluated either between two zeros of D(x) or from the largest zero of D(x) to infinity. 
At a zero of second or higher order the integral diverges leading to a vertical asymptotic line for 
t(y). We have to distinguish between essentially four cases as follows (see Figure 2): 
s=o, s*>o 
s > 0, s, > 0 
S < 0, D has one positive zero of first order 
S -C 0, D has one positive zero of higher order 
y(t) - filtl fort -+ *cm, 
y(t) is periodic (Ejiri’s solution [ 1 l]), 
y(t) - &Sexp((t() fort + ztoa, 
y(t) - a* + &Texp(t) fort + *cm. 
Figure 2. The solution y(t) in the four cases (the t-axis is horizontal). 
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These cases correspond to the four cases in the formulation of Theorem 4.3(ii). All other 
branches of solutions reach a zero of J. These are either discussed in (i) above or the zero of J is 
a singularity of the metric. This proves (ii). (iii) and (iv) are easily obtained from (i) and (ii) by 
looking at the completeness of the vector field V = y(r) . a,. If p is bounded or has linear growth 
at infinity, then V is complete. It is not if JG has exponential growth at infinity. C 
The same differential equation as in the proof of 4.3(ii) occurs in various contexts, e.g., for the 
scalar curvature functional and metrics of harmonic curvature. We briefly recall some of the results. 
L,emma 4.5. ([ 24,301) For u compuct Riemannian mar@ld (M. g) the,follow~ing conditions ure 
equivalent: 
(i) The srulur curvature S,s is stutinnury in direction of u certuin non-fririal und syt~metriic 
(0. 2)-tensor h, i.e.. 
d 
= 0. 
dt ,_l,Sx+ih - 
(ii) There exists a non-trivial solution f oj’the equation 
V’f - Af . g = f Ric, 
(iii) There exists u non-trivial solution f of the equations 
(V’f)’ E f . Ric” and Af = -S,nf 
By results of Bourguignon [5] and Fischer-Marsden [ 151, on a complete manifold each of the 
conditions (i), (ii), (iii) implies that the scalar curvature S, is constant. Therefore it is interesting 
to solve the equations (ii) or (iii) on spaces of constant scalar curvature. Compare the similar 
equations in 2.1 and 2.2. In the Einstein case (iii) reduces to (V* f )“ = 0, hence V’f = -S.f . g. 
L,emma 4.6. Let S, S, be real constunts and let y(t) be a non-constant positive function. The 
,following conditions for a warped product metric g = dt’ + y”(t)g+ are equivalent: 
(i) g and g, are of constant scalar curvature S. S,. 
(ii) 2L.J” + Sny2 + (n - 2)y’2 = (n - 2)S,. 
(iii) !‘I + S_v’ + 2a/(n - 2) . J’-’ := S, for a certain constant a. 
(iv) 4” - (n - 2)S,4’-3/‘1 = Snd where 4 = y”l’. 
Proof. (ii) is one of the standard formulae for warped products, compare the proof of 4.3. (iii) 
occurs in ([24, (1.6)]), (iv) occurs in ([7, Lemma 41). (ii) + (iv) is an elementary calculation. 
(iii) is the one-step integration of (ii), see the proof of 4.3. The constant L’ in 4.3 corresponds to 
--2u/(n - 2). 0 
Proposition 4.7. Each of the conditions (i), (ii) implies (iii): 
(i) (M, g) is a conformullyflat Riemanniun manifold admitting u non-trivial solution ,f qf the 
equation V’f - Af g = f . Ric,. 
(ii) (M, g) is a Riemunnian manifold such that Ric, is non-parallel with exactly two eigenvulues 
und such that g is of harmonic curvuture (i.e., Ric, is a Codazzi tensor). 
(iii) (M, g) is a Riemunniun manifold of constant scalar curvature admitting a conformal vector 
field which is locally a gradient. 
Conformal vectorjelds 249 
(i) + (iii) is shown in [24] by a combination of Lemma B and Lemma 1.1. Lemma Bgives the 
warped product structure, Lemma 1.1 gives the equation in 4.6(ii) above. Note that S is constant 
by Lemma 4.6, therefore the completeness assumption in Kobayashi’s Lemma A is not needed. 
(ii) =+ (iii) is shown in [7]. In this case one obtains g = dt2 + y2(t) . g, where g, is an Einstein 
metric. In any case the conformal vector field in (iii) is given by V = y(t) . a,. 
By 4.7 the global classification results given in [24,25,8,30] are special cases of our Theo- 
rem 4.3. In particular 4.3 does not use any extra assumptions on g,, and the case of indefinite 
metrics is also included. 
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